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Abstract
We study the thermal properties of the lowest multiplet of the QCD light-flavor scalar resonances,
including the f0(500)/σ, K
∗
0
(700)/κ, f0(980) and a0(980), in the framework of unitarized U(3) chiral
perturbation theory. After the successful fits to the meson-meson scattering inputs, such as the phase
shifts and inelasticities, we obtain the unknown parameters and further calculate the resonance poles
and their residues at zero temperature. By including the finite-temperature effects in the unitarized
meson-meson scattering amplitudes, the thermal behaviors of the scalar resonance poles in the complex
energy plane are studied. The masses of σ and κ are found to considerably decrease when increasing
the temperatures, while their widths turn out to be still large when the temperatures reach around
200 MeV. In contrast, both the masses and widths of the f0(980) and a0(980) are only slightly changed.
1 Introduction
To identify the pattern of the chiral symmetry restoration, which plays the key role in understanding
the complex phenomena from the relativistic heavy ion collisions, is one of the most important subjects
in the study of QCD phase diagram. The restoration of the chiral symmetry will definitely modify the
hadronic spectrum at finite temperatures, which in turn will affect the hadron yields measured in the
heavy-ion-collision experiments. E.g., it is found that the inclusion of the broad scalar resonance f0(500)
(also named as σ) in the hadron-resonance-gas model clearly improves the description of the experimental
data [1].
In this work we focus on the thermal behaviors of the lowest multiplet of the light-flavor QCD scalar
resonances, including the σ, f0(980), K
∗
0 (700) (also named as κ) and a0(980). As the lightest QCD
scalar resonance and sharing the same quantum numbers as the vacuum, σ has been extensively studied
both at zero and finite temperatures [2]. After decades of precise and rigorous dispersive studies, it is
now recognized in PDG that the uncertainties of the mass and width of the broad σ resonance reach
the precisions of several tens of MeV. For such a broad resonance, it is not appropriate to still use the
conventional Breit-Wigner formalism both in the vacuum and at finite temperatures. Instead the inverse-
amplitude-method (IAM) up to the one-loop level has been employed to investigate the thermal properties
of the σ in a series of papers in Refs. [3–6]. It is also found that around the transition temperature Tc the
inclusion of the thermal σ poles in the scalar susceptibilities can develop a maximum, which is consistent
with the results in the lattice study [7, 8].
Instead of including further the higher order corrections in the chiral amplitudes, we proceed the
discussions by simultaneously studying all the members of the possible lowest multiplet of the light scalar
resonances σ, f0(980), κ and a0(980) within the unitarized chiral perturbation theory (χPT). Through
this exploratory study, we obtain the thermal behaviors of all the aforementioned resonance poles, which
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can provide useful guides for the hadron-resonance-gas models and gain insights of the mechanism of the
chiral symmetry restoration.
The article is organized as follows. Sec. 2 is devoted to the discussions of the relevant S-wave chiral
amplitudes and their fits to the scattering inputs. The resulting resonance poles and residues at zero
temperature are also given in this section. The thermal trajectories of the scalar resonance poles at finite
temperatures will be then discussed in detail in Sec. 3. Finally we give a short summary and conclusions
in Sec. 4.
2 Unitarized S-wave chiral amplitudes and scalar resonances at zero
temperature
Meson-meson scattering provides an important approach to study the resonance dynamics, where the
hadron resonances correspond to the poles in the complex energy plane of the scattering amplitudes.
E.g. σ and f0(980) appear in the ππ and KK¯ coupled-channel scattering with (I, J) = (0, 0), being
I the isospin quantum number and J the angular momentum. The most relevant channel for κ is the
Kπ scattering with (I, J) = (1/2, 0), and a0(980) naturally appears in the πη and KK¯ scattering with
(I, J) = (1, 0). Since the χPT relies on the perturbative expansions of the external momenta and light-
flavor quark masses [9–11], it is impossible to generate resonances from the perturbative χPT scattering
amplitudes alone. It is evident that the combination of the χPT and unitarity offers an efficient way to
study the aforementioned scalar resonances [12–17].
The up-to-date perturbative meson-meson scattering amplitudes at zero temperature have been cal-
culated up to two loops for the three-flavor χPT [18,19]. At finite temperatures, the perturbative meson-
meson amplitudes have only been calculated up to the one-loop level for the two-flavor χPT [20]. The
one-loop calculation of the meson-meson scattering amplitudes in the three-flavor χPT at finite tempera-
tures is still missing and clearly deserves an independent work. According the previous works [13,15,16,21],
both the relevant experimental data and the lattice energy levels of the meson-meson scattering below
and around 1 GeV in the scalar channels can be well reproduced by taking the leading order (LO) χPT
amplitudes in the unitarization approach. The resulting masses and widths of the scalar resonances from
such studies look quite reasonable and are quantitatively compatible with the various rigorous disper-
sive results [22]. It is plausible that the main features of thermal properties of scalar resonances can
be also obtained in such a approach. Therefore, in the following discussions, we will take the leading
order perturbative χPT amplitudes and includes the finite-temperature effects through the unitarization
procedure.
We follow Refs. [23–25] to include the perturbative LO meson-meson scattering from U(3) χPT. To set
up the notations, we simply recapitulate the main results below. The LO U(3) χPT Lagrangian includes
three terms
L = F
2
4
〈uµuµ〉+ F
2
4
〈χ+〉+ F
2
3
M20 ln
2 detu , (1)
where the chiral building blocks are given by
U = u2 = ei
√
2Φ
F , χ = 2B(s+ ip) , χ± = u†χu† ± uχ†u ,
uµ = iu
†DµUu† , DµU = ∂µU − i(vµ + aµ)U + iU(vµ − aµ) , (2)
and the U(3) matrix of the pseudo Nambu-Goldstone bosons (pNGBs) reads
Φ =

1√
2
π0 + 1√
6
η8 +
1√
3
η0 π
+ K+
π− −1√
2
π0 + 1√
6
η8 +
1√
3
η0 K
0
K− K0 −2√
6
η8 +
1√
3
η0
 . (3)
F is the LO pion decay constant, with the normalization Fpi = 92.1 MeV. The last term in Eq. (1) includes
the contribution from the QCD UA(1) anomaly, which gives the singlet η0 the LO mass M0.
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For the sake of completeness, in the Appendix A we provide the explicit formulas of the LO S-wave
U(3) meson-meson scattering amplitudes TIJ(s), which were calculated in Ref. [23]. The LO amplitudes
given by Eq. (1) only include the contact interactions, which do not contain any crossed-channel cut.
Then the general on-shell partial-wave scattering amplitude in the elastic case can be written as [16]
TIJ(s) = K(s)
1−K(s)G(s) , (4)
whereK(s) will be given by the LO S-wave U(3) χPT amplitudes TIJ(s) in this work and the function G(s)
includes nonperturbatively the contribution from the right-hand cut. The two-body unitarity requires that
ImG(s) = ρ(s) θ(s− sth) ≡ q(s)
8π
√
s
θ(s− sth) , (5)
where sth denotes the threshold, θ(x) is the Heaviside step function and the three momenta in the center
of mass (CM) frame is given by
q(s) =
√
[s − (m1 +m2)2][s − (m1 −m2)2]
2
√
s
, (6)
with m1 and m2 the masses of the two particles in question. Next one can use the imaginary part of
the function G(s) to build a once subtracted dispersion relation to get the analytical expression of G(s).
Alternatively, one can also use the dimensional regularization to calculate the G(s) function via
G(s) = −i
∫
d4k
(2π)4
1
(k2 −m21 + iǫ)[(P − k)2 −m22 + iǫ]
, s ≡ P 2 , (7)
which explicit expression takes the form by replacing the divergent term with a constant [16]
G(s)DR = − 1
16π2
[
a(µ2) + log
m22
µ2
− x+ log x+ − 1
x+
− x− log x− − 1
x−
]
, (8)
where µ denotes the regularization scale and x± are defined as
x± =
s+m21 −m22
2s
± q(s)√
s
. (9)
One should notice that the function G(s) is independent of the scale µ, due to the cancellation of the µ
dependences of the first and second terms in Eq. (8). In the following discussion we will fix µ = 770 MeV
throughout. Notice that there is a minus sign difference between the G(s) function in Eq. (8) and the one in
Refs. [23,25], which is compensated by the minus sign in the denominator of the unitarized amplitude (4),
so that the imaginary part of the G(s) is positive.
For the coupled-channel scattering, the entries of K(s) and G(s) in Eq. (4) should be understood as
matrices spanned in the channel space. For the case with definite isospin and angular momentum, G(s)
corresponds to a diagonal matrix and its diagonal elements can be calculated via Eq. (8) by using the
proper masses in question. There are five coupled channels in the (I, J) = (0, 0) case, including ππ, KK¯,
ηη, ηη′ and η′η′. Three relevant channels enter in the (I, J) = (1/2, 0) and (I, J) = (1, 0) cases, which are
the Kπ,Kη,Kη′ and πη, KK¯ and πη′, respectively. In the U(3) χPT, the massive η′ state is explicitly
included, which however plays a marginal role in the the study of the low lying scalar resonances σ,
f0(980), κ and a0(980) [23–25]. In contrast, for the excited scalar resonances with higher masses, it is
evident that their couplings to the η′ state become large [23–25].
The S matrix is related to the unitarized T amplitude in Eq. (4) via
S = 1 + 2i
√
ρ(s) · T (s) ·
√
ρ(s) . (10)
In the coupled-channel case, ρ(s) should be understood as diagonal matrix and its non-vanishing elements
can be calculated through Eqs. (5) and (6). The phase shifts δkk, δkl and the inelasticities εkk, εkl, with
k 6= l, can be obtained with the matrix elements Skk and Skl
Skk = εkke
2iδkk , Skl = iεkle
iδkl . (11)
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The inelasticities εkk fulfill the condition 0 ≤ εkk ≤ 1.
We use the physical masses for the π,K, η, η′ and the physical value Fpi in the LO scattering amplitudes.
According to the Lagrangian in Eq. (1), the LO η-η′ mixing angle θ is given by [23]
sin θ = −

√
1 +
(
3M20 − 2∆2 +
√
9M40 − 12M20∆2 + 36∆4
)2
32∆4
−1 , (12)
where ∆2 = m2K −m2pi, and mK and mpi are the LO kaon and pion masses, in order. We will estimate
mK and mpi by their corresponding physical values. For the LO mass M0 of the η0, we will take the value
M0 = 820 MeV that has been recently determined in Ref. [26] by fitting the updated lattice data of the
η-η′ mixing.
ππ with (I, J) = (0, 0) aSL,1 aSL,2 χ
2/d.o.f
−1.13+0.19−0.17 −1.93+0.23−0.29 149.0/(95-2)
Kπ with (I, J) = (1/2, 0) aSL,1 χ
2/d.o.f
−0.42+0.16−0.16 16.2/(36-1)
Table 1: The values of the subtraction constants from the fits. In the ππ scattering with (I, J) = (0, 0),
aSL,1 and aSL,2 correspond to the subtraction constants in the ππ and KK¯ channels, respectively. For
the remaining channels ηη, ηη′ and η′η′, we fix their subtraction constants as the same as aSL,1. For other
possibilities to perform the fits, see the text for details. In the Kπ scattering with (I, J) = (1/2, 0), we
take the same value of the subtraction constant for all the three coupled channels. For the πη,KK¯ and
πη′ coupled-channel scattering, we take the universal subtraction constant aSL,1 = −1.44 ± 0.15 for all
the three channels as determined in Ref. [21].
The remaining unknown parameters in the unitarized scattering amplitudes T (s) in Eq. (4) are the
subtraction constants, which will be determined in the fits to the phase shifts and inelasticities for the
ππ scattering with (I, J) = (0, 0) and the Kπ scattering with (I, J) = (1/2, 0). Since only the LO
perturbative amplitudes are included, we include the experimental data for the ππ up to 1100 MeV and
the Kπ up to 1000 MeV in the fits. In addition to the experimental data used in Refs. [15,23–25], we also
take into account the precise isoscalar and scalar ππ phase shifts determined from the Roy equation [27].
The reproductions of the data for the ππ scattering with (I, J) = (0, 0) and the Kπ scattering with
(I, J) = (1/2, 0) are given in Figs. 1 and 2, respectively. The resulting values of the subtraction constants
are summarized in Table 1. It is remarkable that with one and two free parameters in the Kπ and ππ
scattering cases, respectively, one can well reproduce the relevant data from the experiments and Roy
equation. We have also tried other ways to perform the fits for the ππ with (I, J) = (0, 0). E.g., to fix
the subtraction constants of the ηη, ηη′ and η′η′ channels as the one from the KK¯ channel, instead of the
ππ case in Table 1, the fits will get slightly worse. To free the subtraction constants in the ηη, ηη′ and
η′η′ channels will improve the fits, but the resulting values of the subtraction constants, which bear large
uncertainties, do not seem falling in the reasonable ranges. In all the three cases, it turns out that the
resonances in the scattering amplitudes are more or less compatible and we will focus on the fits shown in
Table 1 in later discussions. For the πη,KK¯ and πη′ coupled-channel scattering, the direct experimental
measurements on the scattering processes are still absent, instead the amplitudes are determined by fitting
the lattice finite-volume energy levels in Ref. [21]. We will take the subtraction constants determined in
the former reference in this work.
After the determination of all the unknown parameters, we now discuss the resonances, corresponding
to the poles in the complex energy plane, in the unitarized scattering amplitudes. The analytical con-
tinuation of the unitarized amplitudes in Eq. (4) can be easily done by properly extrapolating the G(s)
function in Eq. (8) to the complex energy plane. Two Riemann sheets (RS’s) for the G(s) function can
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Figure 1: Reproduction of the phase shifts (left panel) and inelasticities (right panel) of the ππ scattering
with (I, J) = (0, 0). The experimental data correspond to those used in Refs. [15, 23–25], which average
various data points in Ref. [28]. The precise data from the Roy equation analysis are taken from Ref. [27].
The shaded areas denote our estimates of the theoretical uncertainties at the one-sigma level.
 
 
1/
2 
0
K
K
(D
eg
re
es
)
E(MeV) 
Figure 2: Reproduction of the phase shifts of the Kπ scattering with (I, J) = (1/2, 0). The experimental
data are taken from Ref. [29]. The shaded area corresponds to the theoretical uncertainties at the one-
sigma level.
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be defined. On the unphysical/second RS it reads [13]
G(s)DRII (s) = G(s)
DR − i q(s)
4π
√
s
, (13)
with the G(s)DR on the physical/first RS given in Eq. (8). By combing Eqs. (5) and (13), it is clear that
along the real s axis above the threshold the imaginary parts of the G(s) function on the first and second
RS’s have opposite signs. As a result, 2n RS’s can be defined for the n-channel scattering problem. We
denote the first, second, third and fourth RS’s as (+,+,+, · · · ,+), (−,+,+, · · · ,+), (−,−,+, · · · ,+)
and (+,−,+, · · · ,+), respectively. The entries of plus and minus symbols correspond to the signs of the
imaginary parts of the G(s) functions in different channels. The residues γ at the resonance pole sP ,
which denote the coupling strengths of the resonance, are given by
T (s) = − lim
s→sP
γγT
s− sP , (14)
where γ is an n-row vector and its transpose is γT = (γ1, γ2, · · · , γn). The resonance poles and their
residues at zero temperature are collected in Table 2. The successful reproduction of the input data and
the quantitative agreements of the resonance poles in Table 2 with those estimated in PDG [22] provide
us a confident starting point to extend the current discussions of the light scalar resonances to the finite
temperatures.
R M(MeV) Width/2(MeV) |γ1|(GeV) Ratios
σ 465+1−2 234
+8
−8 3.14
+0.03
−0.03 0.45
+0.01
−0.01(KK¯/pipi) 0.02
+0.02
−0.01(ηη/pipi)
0.067+0.007−0.007(ηη
′/pipi) 0.06+0.01−0.02(η
′η′/pipi)
f0(980) 977
+6
−9 15
+5
−3 1.29
+0.19
−0.15 3.05
+0.64
−0.57(KK¯/pipi) 2.23
+0.56
−0.47(ηη/pipi)
1.06+0.20−0.19(ηη
′/pipi) 1.10+0.24−0.21(η
′η′/pipi)
κ 738+8−9 274
+8
−9 4.22
+0.06
−0.07 0.46
+0.02
−0.02(Kη/Kpi) 0.39
+0.01
−0.02(Kη
′/Kpi)
a0(980) 1037
+17
−14 44
+6
−9 3.8
+0.3
−0.2 1.43
+0.03
−0.03(KK¯/piη) 0.05
+0.01
−0.01(piη
′/piη)
Table 2: The masses, widths and residues of various resonances at zero temperature. γ1 denotes the
residue of the lightest channel of each resonance. The values in the last two columns correspond to the
ratios |γi/γ1|.
3 The scalar resonances at finite temperatures
In the framework of χPT, the chiral loops will introduce the finite-temperature effects, while the
tree-level Feynman diagrams are free of the finite-temperature corrections [20, 30, 31]. This implies that
in the present work the LO partial-wave scattering amplitudes will not get modified when including the
finite temperatures. It is the G(s) function incorporated through the unitarization procedure that will
introduce the finite-temperature contributions. We mention that a similar theoretical approach has been
recently applied to the study of charmed mesons in Refs. [32, 33].
In this work, we use the imaginary time formalism to include the finite-temperature corrections [34].
Although it is a standard problem to calculate the loop function of Eq. (7) at finite temperatures [34], we
give a practical derivation of the explicit formula in the Appendix B. In the CM frame, the final expression
of the finite-temperature corrections to the G(s) function in Eq. (7) for T 6= 0 takes the form
G(s)T 6=0 =
∫ ∞
0
k2dk
8π2E1E2
{
1
E + E1 + E2
[
f(E1) + f(E2)
]
+
1
E + E1 − E2
[
− f(E1) + f(E2)
]
+
1
E − E1 + E2
[
f(E1)− f(E2)
]}
− P.V.
∫ ∞
0
k2dk
8π2E1E2
1
E − E1 −E2
[
f(E1) + f(E2)
]
+
iq(s)
8πE
[
f(E˜1) + f(E˜2)
]
θ(s− sth) , (15)
6
with s = E2, β = 1/T, Ei =
√
k2 +m2i , E˜i =
√
q(s)2 +m2i , q(s) the magnitude of the on-shell three
momenta in the CM frame and the standard Bose distribution function f(x) given by
f(x) =
1
eβx − 1 . (16)
For the first three integrals of Eq. (15), they are regular in the physical region and can be easily calculated
numerically. The fourth term with the symbol P.V. corresponds to taking the principal value of the
integral. The last term of Eq. (15) denotes the imaginary part of the thermal corrections to the G(s)
function in the energy region above threshold. For the details of the calculation of the expression of
Eq. (15), we refer to the Appendix B.
The unitarized amplitude at finite temperature T reads
T FT(s) =
[
1−K(s) ·G(s)FT
]−1
· K(s) , (17)
where the finite-temperature corrected G(s) is
G(s)FT = G(s)DR +G(s)T 6=0 , (18)
with G(s)DR and G(s)T 6=0 given in Eqs. (8) and (15), respectively. Similar as the zero-temperature case,
K(s) and G(s)FT should be understood as matrices in the coupled-channel scattering. Comparing with the
zero-temperature amplitudes in Eq. (4), no additional free parameters are introduced to the amplitudes at
T 6= 0 in Eq. (17). Therefore the thermal behaviors of the unitarized amplitudes and the scalar resonances
will be pure predictions in χPT. In order to study the thermal trajectories of the resonance poles, we need
to first perform the analytical continuation of the unitarized amplitude T FT(s) to the unphysical RS and
then search the poles in the complex energy plane. In analogy to the case of Eq. (13) at zero temperature,
it can be done by performing the analytical continuation of the G(s)FT function in Eq. (18), by taking
into account that the signs of the imaginary parts of G(s)FT on the first and second RS are opposite above
the threshold. As pointed out in Ref. [35] , in addition to the right-hand cut above the threshold, the
G(s)FT also includes left-hand cuts along the real axis below the threshold. We do not expect that the
thermal left-hand cuts will play relevant roles in the determination of the resonance poles in this work.
Another subtlety in the study of the thermal behaviors of the resonances is the thermal corrections to the
pNGBs’ masses, which have been the focus of Ref. [26]. In this work, we take into account the thermal
masses of the π,K, η and η′ determined in the previous reference to study their influences on the scalar
resonances.
The thermal pole trajectories of the σ resonance for 0 ≤ T ≤ 200 MeV are given in Fig. 3. We
distinguish the cases by fixing the physical masses of π,K, η and η′ and varying their masses at different
temperatures according to the results in Ref. [26]. We have shifted the masses of the pNGBs at zero
temperature in [26] to their physical values, in order to match the resonance poles determined in Table 2.
It turns out that the differences caused by using the different masses of the pNGBs are small, but become
visible when the temperatures T are above around 100 MeV. The most important lesson we learn from
Fig. 3 is that the mass of the σ significantly decreases around 100 MeV when increasing the temperatures
T up to 200 MeV. This seems consistent with the requirement of the chiral symmetry restoration [6, 36].
However the width of the σ is still quite large even when T reaches around 200 MeV. Comparing with
the σ pole trajectories by increasing the temperatures in Fig. 3 and those in Ref. [4], it is clear that
our results are semi-quantitatively similar with those in the former reference by including the complete
one-loop thermal corrections in the ππ scattering amplitude. This also implies that indeed the thermal
corrections to the G(s) function captures the key part of the finite-temperature effects in the study of the
scalar resonances.
The pole trajectories of the κ resonance with varying temperatures are given in Fig. 4. Clearly the
thermal behaviors of the κ pole share similar trends as the σ, with significant decrease of the mass and
slight change of the width, when increasing the temperatures up to 200 MeV. In Fig. 5, we show the
pole trajectories of the f0(980) and a0(980) resonances. Unlike the σ and κ, the poles of the f0(980)
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Figure 3: The pole trajectories of the σ resonance when increasing the temperature T from 0 to 200 MeV.
The black solid line corresponds to the case by fixing the physical masses of the π,K, η and η′, while the
red dashed line denotes the result by using their thermal masses from Ref. [26]. See the text for details.
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Figure 4: The pole trajectories of the κ resonance when increasing the temperature T from 0 to 200 MeV.
The notations are the same as those in Fig. 3.
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Figure 5: The thermal behaviors of the poles of the f0(980) (left) and a0(980) (right). The notations are
the same as those in Fig. 3.
and a0(980) are insensitive to the changes of the temperatures, and both the masses and widths are only
slightly changed. E.g., the masses of the σ and κ decrease around 100 MeV and 60 MeV, respectively,
when varying the temperatures from 0 to 200 MeV. In contrast, the masses of the f0(980) and a0(980)
only decrease around 6 MeV and 16 MeV, in order. For the four resonances studied here, the changes
of their widths are much smaller than those of their masses when varying the temperatures. Comparing
with the black solid and red dashed lines in Figs. 3, 4 and 5, we can conclude that the thermal corrections
to the masses of the π,K, η and η′ marginally affect the properties of the scalar resonances σ, f0(980), κ
and a0(980).
4 Summary and conclusions
In this work the light-flavor QCD scalar resonances σ, κ, f0(980) and a0(980) are studied in the
framework of the unitarized U(3) chiral perturbation theory. Special attention is paid to their thermal
properties, including the trajectories of their resonance pole positions with varying temperatures. Different
from the works that only study on the thermal masses of the scalar resonances, e.g. Refs. [37,38], we first
fix the unknown parameters by fitting the experimental and lattice data of the meson-meson scattering,
which enables us to obtain reliable resonance properties at zero temperature, including both the masses
and widths. The finite-temperature effects are included through the unitarization procedure. The key
merit of our approach is that we do not need to introduce any new parameter in the study of the thermal
behaviors of the scalar resonances, once they are determined in the vacuum.
The σ pole trajectories of the present study are quantitatively similar as those in the previous works [4,
20], which are obtained by including the complete one-loop thermal corrections to the ππ scattering. This
validates the current approach to include the finite-temperature effects via the unitarization procedure.
Our results show that the masses of the σ and κ significantly decrease when increasing the temperatures
up to 200 MeV, while their widths are slightly changed and remain large. In contrast, both the masses and
widths of the f0(980) and a0(980) are insensitive to the temperatures. The present formalism provides
an efficient and straightforward way to study thermal behaviors of other types of resonances. We expect
to apply this approach to other systems at finite temperatures in future.
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Appendix A: the leading order S-wave meson-meson scattering ampli-
tudes
The leading-order S-wave meson-meson scattering amplitudes TIJ(s) with definite isopsin number in
the U(3) χPT are given below. There are five coupled channels for the (I, J) = (0, 0) case and they read
T pipi→pipi00 (s) =
2s−m2pi
2F 2pi
,
T pipi→KK¯00 (s) =
√
3s
4F 2pi
,
T pipi→ηη00 (s) =
−√3m2pi(cθ −
√
2sθ)
2
6F 2pi
,
T pipi→ηη
′
00 (s) =
−√3m2pi(
√
2c2θ − cθsθ −
√
2s2θ)
3
√
2F 2pi
,
T pipi→η
′η′
00 (s) =
−√3m2pi(
√
2cθ + sθ)
2
6F 2pi
,
TKK¯→KK¯00 (s) =
3s
4F 2pi
,
TKK¯→ηη00 (s) =
−[(−6m2η − 2m2pi + 9s)c2θ + 4
√
2(2m2K −m2pi)cθsθ + 8m2Ks2θ]
12F 2pi
,
TKK¯→ηη
′
00 (s) =
−2√2c2θ(m2pi − 2m2K) + cθsθ(3m2η + 3m2η′ + 8m2K + 2m2pi − 9s)− 2
√
2s2θ(2m
2
K −m2pi)
6
√
2F 2pi
,
TKK¯→η
′η′
00 (s) =
−8c2θm2K + 4
√
2cθsθ(2m
2
K −m2pi)− s2θ(9s − 6m2η′ − 2m2pi)
12F 2pi
,
T ηη→ηη00 (s) =
[c4θ(16m
2
K − 7m2pi) + 4
√
2c3θsθ(8m
2
K − 5m2pi) + 12c2θs2θ(4m2K −m2pi)]
18F 2pi
+
[16
√
2cθs
3
θ(m
2
K −m2pi) + 2s4θ(2m2K +m2pi)]
18F 2pi
,
T ηη→ηη
′
00 (s) =
[
√
2c4θ(−8m2K + 5m2pi)− c3θsθ(8m2K +m2pi) + 3
√
2c2θs
2
θ(4m
2
K −m2pi)]
9
√
2F 2pi
+
[4cθs
3
θ(5m
2
K − 2m2pi) + 4
√
2s4θ(m
2
K −m2pi)]
9
√
2F 2pi
,
T ηη→η
′η′
00 (s) =
(4m2K −m2pi)(2c4θ − 2
√
2c3θsθ − 3c2θs2θ + 2
√
2cθs
3
θ + 2s
4
θ)
18F 2pi
,
T ηη
′→ηη′
00 (s) =
(4m2K −m2pi)(2c4θ − 2
√
2c3θsθ − 3c2θs2θ + 2
√
2cθs
3
θ + 2s
4
θ)
9F 2pi
,
T ηη
′→η′η′
00 (s) =
[4
√
2c4θ(−m2K +m2pi) + 4c3θsθ(5m2K − 2m2pi) + 3
√
2c2θs
2
θ(−4m2K +m2pi)]
9
√
2F 2pi
− [cθs
3
θ(8m
2
K +m
2
pi)−
√
2s4θ(8m
2
K − 5m2pi)]
9
√
2F 2pi
,
T η
′η′→η′η′
00 (s) =
[2c4θ(2m
2
K +m
2
pi)− 16
√
2c3θsθ(m
2
K −m2pi) + 12c2θs2θ(4m2K −m2pi)]
18F 2pi
+
−4√2cθs3θ(8m2K − 5m2pi) + s4θ(16m2K − 7m2pi)
18F 2pi
, (19)
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with sθ = sin θ, cθ = cos θ and θ the LO η-η
′ mixing angle given in Eq. (12).
For the (I, J) = (1, 0) case, there are three coupled channels and the explicit results are
T piη→piη10 (s) =
(cθ −
√
2sθ)
2m2pi
3F 2pi
,
T piη→KK¯10 (s) =
cθ(3m
2
η + 8m
2
K +m
2
pi − 9s) + 2
√
2sθ(2m
2
K +m
2
pi)
6
√
6F 2pi
,
T piη→piη
′
10 (s) =
(
√
2c2θ − cθsθ −
√
2s2θ)m
2
pi
3F 2pi
,
TKK¯→KK¯10 (s) =
s
4F 2pi
,
TKK¯→piη
′
10 (s) =
sθ(3m
2
η′ + 8m
2
K +m
2
pi − 9s)− 2
√
2cθ(2m
2
K +m
2
pi)
6
√
6F 2pi
,
T piη
′→piη′
10 (s) =
(
√
2cθ + sθ)
2m2pi
3F 2pi
. (20)
For the (I, J) = (12 , 0) case, there are three coupled channels and their amplitudes take the form
TKpi→Kpi1
2
0
(s) =
−3(m2K −m2pi)2 − 2(m2K +m2pi)s + 5s2
8sF 2pi
,
TKpi→Kη1
2
0
(s) =
cθ
[
6m2η − 20m2K + 2m2pi + 9
(−m2η+m2K+s)(m2K−m2pi+s)
s
]
+ 4
√
2(2m2K +m
2
pi)sθ
24F 2pi
,
TKpi→Kη
′
1
2
0
(s) =
−4√2cθ(2m2K +m2pi) +
[
6m2η′ − 20m2K + 2m2pi + 9
(−m2
η′+m
2
K
+s)(m2
K
−m2pi+s)
s
]
sθ
24F 2pi
,
TKη→Kη1
2
0
(s) =
1
24F 2pis
[
c2θ(−9m4η − 9m4K + 18m2Ks− 4m2pis− 9s2 + 18m2ηm2K + 6m2ηs)
+8
√
2cθsθ s(2m
2
K −m2pi) + 16sm2Ks2θ
]
,
TKη→Kη
′
1
2
0
(s) =
4
√
2c2θ(−2m2K +m2pi)− cθsθ
[
6m2η + 6m
2
η′ − 20m2K + 4m2pi + 9
(−m2η+m2K+s)(−m2η′+m2K+s)
s
]
24F 2pi
+
4
√
2(2m2K −m2pi)s2θ
24F 2pi
,
TKη
′→Kη′
1
2
0
(s) =
1
24F 2pis
[
16c2θm
2
Ks+ 8
√
2cθsθ(−2m2K +m2pi)s
+s2θ(−9m4η′ − 9m4K + 18m2Ks− 4m2pis− 9s2 + 18m2η′m2K + 6m2η′s)
]
. (21)
Appendix B: the two-point one-loop function at finite temperatures
In this part, we discuss the evaluation of the two-point one-loop G(s) function in Eq. (7) at finite
temperatures in detail.
One can first separate out the integral of the zeroth component k0 in Eq. (7)
G(s) = −i
∫
d4k
(2π)4
1
(k2 −m21)[(P − k)2 −m22]
= −i
∫
d3~k
(2π)3
dk0
2π
1
(k0
2 − E21)[(P0 − k0)2 − E22 ]
, (22)
with
s = P 2 , Pµ = (P0,−~P ) , E21 = |~k|2 +m21 , E22 = |~P − ~k|2 +m22 . (23)
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In the CM frame of the two-body scattering, one has ~P = 0.
We use the imaginary time formalism to include the finite-temperature contributions. This amounts
to replacing the integration of the continuous k0 with the discrete sum of iωn = i2πnT [34]. In this way,
one should take the substitution k0 → iωn and dk0 → i2πT in the last line of Eq. (22), which leads to
G(s)FT = −T
∫
d3~k
(2π)3
+∞∑
n=−∞
1
(ω2n + E
2
1)[(P0 − iωn)2 − E22 ]
,
= −T
∫
d3~k
(2π)3
+∞∑
n=−∞
1
2E1
(
1
iωn + E1
− 1
iωn −E1
)
1
2E2
(
1
iωn − P0 − E2 −
1
iωn − P0 + E2
)
,
= −T
∫
d3~k
(2π)3
1
4E1E2
+∞∑
n=−∞
[
− 1
P0 + E1 + E2
(
1
iωn + E1
− 1
iωn − P0 − E2
)
+
1
P0 + E1 − E2
(
1
iωn + E1
− 1
iωn − P0 +E2
)
+
1
P0 − E1 + E2
(
1
iωn − E1 −
1
iωn − P0 − E2
)
− 1
P0 − E1 − E2
(
1
iωn − E1 −
1
iωn − P0 +E2
)]
, (24)
where P0 should take one of the possible iωn in the sum
1. In order to efficiently calculate the integral, it
is necessary to evaluate the infinity sums by using the standard Matsubara techniques. The basic formula
of the Matsubara sum is
T
+∞∑
n=−∞
1
iωn ± E = ±f(E) + · · · , (25)
where only the temperature-dependent terms are explicitly kept in the right side of the equation and the
ellipses denote the terms survive at zero temperature. By combining Eqs. (24) and (25), the temperature-
dependent parts of the two-point one-loop function can be written as
G(s)FT =
∫
d3~k
(2π)3
1
4E1E2
{
1
P0 + E1 + E2
[
f(E1) + f(E2)
]
+
1
P0 +E1 − E2
[
− f(E1) + f(E2)
]
+
1
P0 − E1 + E2
[
f(E1)− f(E2)
]
− 1
P0 − E1 − E2
[
f(E1) + f(E2)
]}
, (26)
which can be simplified to Eq. (15) in the CM frame.
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